Abstract. We show that the class of Banach algebras that can be isometrically represented on an L p -space, for p = 2, is not closed under quotients.
Introduction
An operator algebra is a closed subalgebra of the algebra B(H) of bounded linear operators on a Hilbert space H. If A is an operator algebra and I ⊆ A is a closed, two-sided ideal, then the quotient Banach algebra A/I is again an operator algebra, that is, it can be isometrically represented on a Hilbert space. This classical result is due to Lumer and Bernard, although the commutative case (when A is a uniform algebra) was proved earlier by Cole.
Some Banach algebras are naturally given as algebras of operators on certain classes of Banach spaces. If E is a class of Banach spaces, we say that a Banach algebra A is an E -operator algebra if there exist a Banach space E ∈ E and an isometric homomorphism ϕ : A → B(E). If H is the class of all Hilbert spaces, then an H -operator algebra is just an operator algebra in the usual sense. With this terminology, the Bernard-Cole-Lumer theorem states that H -operator algebras are closed under quotients. A natural question is then: [Jun96] asserts that S L p -operator algebras are also closed under quotients.
As the authors point out, the arguments used both in [LeM73] and [Jun96] are not suitable to deal with the class L p , which seems to be the class for which Question 1.1 is more natural.
In this paper, we answer Le Merdy's question negatively. In other words, we show that L p -operator algebras are not closed under quotients when p ∈ [1, ∞)\{2}. We do so by exhibiting a concrete example of an L p -operator algebra A and a closed, two-sided ideal I in A such that A/I cannot be represented on an L p -space. What we show is slightly stronger: in our example, the quotient A/I cannot be represented on any L q -space for q ∈ [1, ∞). The algebra A is a semisimple commutative Banach algebra: the algebra F p (Z) of p-pseudofunctions on Z. Given the recent attention received by L p -operator algebras, deciding whether these are closed under quotients becomes more relevant and technically useful. For example, consider the L p -analogs O p n of the Cuntz algebras; see [Phi12] . These are all simple, and any contractive, non-zero representation of any of them on an L p -space is automatically injective (in fact, isometric). For p = 2, these two properties are well-known to be equivalent. However, for p = 2, they are not, since quotients of L p -operator algebras are not in general representable on L p -spaces. These two properties of O p n therefore require separate and independent proofs. A similar problem arises with the L p -analogs A p θ of irrational rotation algebras; see [GT14a] .
If A is a commutative unital Banach algebra, we will denote by Γ A : A → C(Max(A)) its Gelfand transform, which is natural in the following sense. If ϕ : A → B is a unital homomorphism between commutative unital Banach algebras A and B, then the assignment Max(B) → Max(A) given by I → ϕ −1 (I) defines a contractive homomorphism Γ(ϕ) : C(Max(A)) → C(Max(B)) making the following diagram commute:
Our examples
We adopt the convention that all representations of Banach algebras are contractive, and do not include this in the terminology.
Definition 2.1. Let E be a class of Banach spaces. We say that a Banach algebra A is representable on E if there exist a Banach space E ∈ E and a contractive, injective homomorphism ϕ : A → B(E). In addition, we say that A is isometrically representable on E if the representation ϕ can be chosen to be isometric.
In this section, for any p ∈ [1, ∞) \ {2}, we exhibit an example of a unital L p -operator algebra A and a closed, two-sided ideal I in A such that A/I cannot be isometrically represented on any L q -space for q ∈ [1, ∞). Our example is a semisimple, commutative Banach algebra: the algebra F p (Z) of p-pseudofunctions on Z, and the quotient A/I is also semisimple.
The algebra F p (Z) was first introduced in the early 70's by Herz in [Her73] , who denoted it P F p (Z), and has also been studied by a number of other authors: [NR09] ; [Phi13] ; [GT14b] ; [GT14d] ; [GT14c] , just to list a few. We recall some facts about F p (Z); the reader is referred to [Phi13] , [GT14d] , and [GT14c] for more general versions of these statements, as well as their proofs.
The Banach algebra F p (Z) is a subalgebra of B(ℓ p (Z)) that can be defined as follows. Denote by λ p :
The algebra F p (Z) also admits a description as a universal algebra with respect to invertible isometries on L p -spaces. F p (Z) is clearly commutative, and its maximal ideal space is canonically homeomorphic to S 1 . Moreover, its Gelfand transform is injective. For p = 1, there is a natural isometric identification F 1 (Z) = ℓ 1 (Z), while for p and q in [1, ∞), there is an abstract isometric isomorphism F p (Z) ∼ = F q (Z) if and only if p and q are either equal or (Hölder) conjugate.
We begin with some preparatory results. Our first lemma allows us to assume that contractive representations of unital Banach algebras on L p -spaces are unital.
Lemma 2.2. Let A be a unital Banach algebra and let p ∈ [1, ∞). If A can be represented (respectively, isometrically represented) on an L p -space, then it can be unitally represented (respectively, unitally isometrically represented) on an L pspace.
Proof. Let E be an L p -space and let ϕ : A → B(E) be a contractive, injective homomorphism. Then e = ϕ(1) is an idempotent with e = 1 in B(E). By Theorem 6 in [Tza69] , the range F of e is an L p -space. The cut-down homomorphism
is the desired unital, contractive, injective representation. Finally, it is clear that ψ is isomeric if and only if so is ϕ.
For the rest of this section, we fix p ∈ [1, ∞). We will abbreviate the Gelfand transform
which is a closed, two-sided ideal in F p (Z). We will abbreviate F p (Z) to A, and the quotient
Remark 2.3. We recall the following fact about spectra of elements in Banach algebras. If B is a unital Banach algebra, A is a subalgebra containing the unit of B, and a is an element of A such that sp A (a) ⊆ S 1 , then sp A (a) = sp B (a). In other words, if the spectrum of an element of a Banach algebra is a subset of S 1 , then the spectrum can be computed in any unital algebra containing the element (bigger or smaller than the original algebra).
Proposition 2.4. Let V be an open subset of S 1 . Suppose that there exist q ∈ [1, ∞) and an L q -space E such that A V is isometrically representable on E. Then the Gelfand transform Γ V : A V → C(S 1 \ V ) is an isomorphism (although not necessarily isometric). In particular, and identifying F p (Z) with a subalgebra of C(S 1 ) via Γ, it follows that every continuous function on S 1 \ V is the restriction of a function in F p (Z).
Proof. It is clear that Max(A V ) is canonically homeomorphic to S 1 \V , so the range of Γ V can be canonically identified with a subalgebra of C(S 1 \ V ). Moreover, it is clear that A V is semisimple, and hence there are natural identifications
Denote by π : A → A V the canonical quotient map. Observe that A V is generated by the image π(u) of the canonical generator u of A = F p (Z), which is an invertible isometry. Suppose that there exist q ∈ [1, ∞), an L q -space E, and an isometric representation ϕ : A V → B(E). By Lemma 2.2, we can assume that ϕ is unital. It is clear that ϕ(π(u)) generates ϕ(A V ). Since ϕ is unital, ϕ(π(u)) is an invertible isometry of an L q -space. Moreover, using Remark 2.3 at the first step, we have
We claim that the Gelfand transform
is an isomorphism. Once we show this, it will follow that Γ V is also an isomorphism, by commutativity of the diagram
First, Γ ϕ(AV ) is clearly injective by semisimplicity of A V . Suppose that q = 2. Then ϕ(A V ) is a C * -algebra, because it is generated by an invertible isometry of a Hilbert space (a unitary), and A V is therefore self-adjoint. The claim is then an immediate consequence of Gelfand's theorem (and in this case Γ ϕ(AV ) is isometric). Assume now that q ∈ [1, ∞) \ {2}. In this case, and since the spectrum of ϕ(π(u)) in B(E) is not the whole circle, the result follows from part (1) of Corollary 5.20 in [GT14b] . The claim is proved, and the first part of the proposition follows.
For the second claim, denote by r : C(S 1 ) → C(S 1 \ V ) the restriction map. It is clear that Γ(π) = r. Naturality of the Gelfand transform shows that the diagram
is commutative. It follows that for every f ∈ C(S 1 \ V ), there exists g ∈ A = F p (Z) such that Γ V (π(g)) = f . Regarding g as a function on S 1 , this is equivalent to g| S 1 \V = f .
Let θ ∈ R. Then it is easy to show that the homeomorphism h θ : S 1 → S 1 given by h θ (ζ) = e 2πiθ ζ for ζ ∈ S 1 induces an isometric automorphism of F p (Z). (We warn the reader that it is not in general true that any homeomorphism of S 1 induces an isometric, or even contractive, automorphism of F p (Z). In fact, when p = 2, the only homeomorphisms of S 1 that do so are the rotations and compositions of rotations with the homeomorphism ζ → ζ of S 1 .) The following is the main result of this paper. Recall our conventions and notations from the comments before Proposition 2.4.
Theorem 2.5. Let p ∈ [1, ∞) \ {2}. Let V be a nontrivial open subset of S 1 , and assume that V is not dense in S 1 . Then A V cannot be isometrically represented on any L q -space for q ∈ [1, ∞).
Proof. We argue by contradiction, so let V be an open subset of S 1 as in the statement, and suppose that there exists q ∈ [1, ∞) such that A V can be isometrically representable on an L q -space. Let f ∈ C(S 1 ). We claim that f belongs to Γ(F p (Z)). Once we prove this, it will follow from part (2) of Corollary 3.20 in [GT14d] that p = 2, and hence the proof will be complete.
Let W be an open subset of S 1 such that V ∩ W = ∅. With the notation used in the comments before this theorem, and using compactness of S 1 , find n ∈ N and
There is an isometric isomorphism
so the Banach algebra A h θ j (V ) can be isomorphically represented on an L q -space.
It follows from Proposition 2.4 that every continuous function on S 1 \ V j is in the image of Γ Vj . In particular, every continuous function on W j is in the image of Γ Vj .
From now on, we identify the algebras A, A V1 , . . . , A Vn with their images under their Gelfand transforms. In particular, for j = 1, . . . , n, every continuous function on W j is the restriction of a function in A.
Choose continuous functions k 1 , . . . , k n : S 1 → R satisfying
(1) 0 ≤ k j ≤ 1 for j = 1, . . . , n; (2) supp(k j ) ⊆ W j for j = 1, . . . , n;
(4) k j belongs to F p (Z) for j = 1, . . . , n (for example, take k j ∈ C ∞ (S 1 )).
Then the product g j k j belongs to F p (Z) because each of the factors does. Since the support of k j is contained in W j , and f and g j agree on W j , we have f k j = g j k j for j = 1, . . . , n. Now,
so f belongs to F p (Z), and the claim is proved. We have shown that Gelfand transform Γ :
is canonically isomorphic to C(S 1 ), we must have p = 2 by part (2) of Corollary 3.20 in [GT14d] . This is a contradiction, and the result follows.
Remark 2.6. The same argument as in Proposition 2.4 and Theorem 2.5 shows that if V ⊆ S 1 is a non-trivial, non-dense open subset, then there is no contractive, injective representation of A V on any L q -space with closed range. On the other hand, there certainly are contractive representations of A V on L q -spaces for every q ∈ [1, ∞). Indeed, for q ∈ [1, ∞), any commutative semisimple Banach algebra B can be represented on an L q -space (although rarely can it be represented with closed range). Indeed, C 0 (Max(B)) is isometrically represented on an L q -space for every q, and such a representation can be composed with the Gelfand transform to get the desired contractive representation of B on an L q -space.
In contrast to Theorem 2.5, some (non-trivial) quotients of F p (Z) are isometrically representable on L p -spaces. For example, if V is the complement of the set of n-th roots of unity in S 1 for some n ∈ N, then F p (Z)/I V is canonically isometrically isomorphic to F p (Z n ). (This identification is induced by the quotient map Z → Z n .) An analogous statement holds for the translates of V . We do not know, however, whether these are the only quotients of F p (Z) that can be represented on L p -spaces. We therefore suggest:
We do not know whether F p (Z) has spectral synthesis, except for p = 1 (in which case it does not) and p = 2 (in which case it does). Since Banach algebras generated by an invertible isometry of an L p -space together with its inverse are automatically semisimple by the results in [GT14b] , we conclude that for F p (Z)/I to be isometrically representable on an L p -space, there must exist an open subset V ⊆ S 1 such that I = I V (and V must be dense by Theorem 2.5). This means that Problem 2.7 can be solved without knowing whether F p (Z) has spectral synthesis, that is, without knowing whether every ideal of F p (Z) is of the form I V . We do not know whether density of V is sufficient for F p (Z)/I V to be representable on an L p -space. We conclude this paper with an observation. If A is a Banach algebra and a ∈ A, we denote by B(a) the smallest Banach subalgebra of A containing a.
Remark 2.8. Suppose that p is not an even integer, and let V ⊆ S 1 be a nontrivial, non-dense open subset. It follows from Corollary 1.5.2.3 in [Jun96] that A V can be isometrically represented on an SL p -space, so there exists an invertible isometry v of an SL p -space E such that B(u) is isometrically isomorphic to A V . By Theorem I in [Rud76] , there exist a L p -space F containing E as a closed subspace, and a canonical invertible isometry w of F extending v. By naturality of the construction, one may be tempted to guess that B(v) and B(w) are isometrically isomorphic. However, this is not the case since B(w) is trivially representable on an L p -space, while B(v) ∼ = A V is not, by Theorem 2.5.
